Abstract. We give a simultaneous proof of Cauchy's theorem and Sylow's theorem by reducing to the case of cyclic groups.
INTRODUCTION.
Let p be a prime, a be a nonnegative integer, and G be a finite group of order divisible by p a . A theorem of Sylow asserts that G has a subgroup of order p a . This is not what is usually called Sylow's first theorem in contemporary texts. That is the special case in which p a is the maximum power of p dividing the order of G. Sylow's more general theorem takes Cauchy's theorem (every finite group of order divisible by the prime p has a subgroup of order p) as a starting point. Part of the proof of this version of Sylow's theorem is to show that if P is a finite group of order p a for some prime p and positive integer a, then P has a subgroup of order p b for each nonnegative integer b ≤ a. We present here a proof of the more general theorem of Sylow by using basic group theory to reduce to the case that G is cyclic, where the result is transparent. Our proof exhibits Cauchy's theorem as a special case, rather than as a prerequisite.
It is the unified treatment, also involving a slight revision of the logical structure, which distinguishes our proof from the standard contemporary group-theoretic proofs (for example, Theorem 24.3 of [1] ). In these, Cauchy's theorem (at least for Abelian groups) is usually proved first, then Sylow's theorem is proved by making use of the modified class equation (see below) and Cauchy's theorem. We remark that, in [2] , H. Wielandt gave a different unified proof of the theorem, using group actions and divisibility properties of binomial coefficients.
PRELIMINARIES AND PROOF.
As usual, we denote the order of the finite group X by |X |. In addition to Lagrange's theorem, we require the following (standard) facts from group theory (which may be found in many texts, for example [1] or [2] ):
(i) If R and S are subgroups of the finite Abelian group T , then R S = {r s : r ∈ R, s ∈ S} is also a subgroup of T , of order dividing |R||S|. One way to see this is to note that (r, s) → r s gives a homomorphism from the direct product R × S into T with image RS and kernel
(ii) (The modified class equation): Let G be a finite group with center Z (G) and let x 1 , x 2 , . . . , x h be a full set of representatives for the conjugacy classes of G of size greater than 1. Then where C G (x i ) denotes the centralizer of x i , that is, the subgroup consisting of elements which commute with N is a normal subgroup of the finite group G, then there is a bijection be- tween subgroups of G containing N and subgroups of G/N such that whenever H is a subgroup of G containing N , the corresponding subgroup H/N of G/N has order |H |/|N |.
A maximal subgroup of a nontrivial finite group G is a proper subgroup H which is not strictly contained in any proper subgroup of G. Every nontrivial finite group certainly has at least one maximal subgroup.
We are now ready to prove the theorem by induction on |G|. The result is true when |G| = 1 (and, more generally, when a = 0). Suppose then that |G| > 1, that a > 0, and that the result has been established for each finite group H with |H | < |G| (for all powers of p dividing |H |).
We may suppose that Z (G) has no subgroup of order p. For if N is a subgroup of Z (G) of order p, then N ¡ G, and G/N has a subgroup of order p a−1 , so that G has a subgroup K (containing N ) of order p a . We may suppose that G has no proper subgroup L of order divisible by p a (otherwise L has a subgroup of order p a , and so does G). Let M be a maximal subgroup of G and choose x ∈ G\M. Then M x is a subgroup of G, containing both M and x, so strictly containing M, as x ∈ M. Hence M x = G and p divides |M|| x |. Thus M and x cannot both be proper subgroups of G. But M is proper, so G = x is cyclic, say of order np a . Then the subgroup x n has order p a , and the proof is complete.
